I. INTRODUCTION
Although it is much weaker than the strong interaction at realistic energy scales in nuclear or elementary particle physics on general grounds, the electromagnetic interaction plays a significant role in accounting for the emperical observation of the mass differences between charged and neutral mesons and within an octet or a decuplet of baryons. To the knowledge of quantum chromodynamics, the modern theory of the strong interaction, quarks that are the elementary degrees of freedom of the theory are never isolated; a study of their propertities like the quark masses must come from the information of the observation of the bound states of quarks (and antiquarks). To make it concrete, in utilizing the experimental data of the masses of particles that are sensitive to the masses of the three fairly light quarks u, d and s, such as light mesons like the isotopic doublet kaon that behaves as a bound state of ans antiquark and a u or d quark, or ground-state nucleons like the proton and neutron that are approximately regarded as colour-neutral bound states of three quarks of types u and d, we must take into consideration of the electromagnetic interaction to offer an estimate of the scales of the masses of those confined quarks.
In the past the electromagnetic self-energies of the ground-state mesons have been examined successfully to leading order in the electromagnetic interaction in chiral perturbation theory.[1, 2] Non-perturbative methods like the Bethe-Salpeter calculation have also been used to determine the electromagnetic as well as isospin mass splittings for the pseudoscalar mesons as well as the vector and scalar mesons. [3] There seems to be a recent revival of attention paid to the role of the electromagnetic correction in the computation of hadron observables to high precision by lattice stimulation [4, 5] . The purpose of the present paper is to derive some general results valid to all orders in perturbation theory which should provide the essential bridge between the approximate symmetry of the underlying theory and the realization of the physical states of the theory which manifest themselves in something like the spectrum of composite particles of interest, and give a unified and definite description of light mesons like ground-state pseudoscalar and vector mesons and gain numerical results to compare with experimental data.
Sec. II starts with the derivation of the axial-vector Ward identity in the general sense that the electromagnetic interaction term is added to the Lagrangian density of quantum chromodynamics, which makes a connection between the approximate invariance of the Lagrangian density with respect to the SU(3) chiral transformation and physical quantities with radiative corrections taken into account. Then by clarification of the structure of Feynmann amplitudes between vacuum states shown in the generalized axial-vector Ward identity, we understand that the existence of poles arises from pseudo-Goldstone bosons which can be simultaneously interpreted as bound states of elementary particles with their own fields in the Lagrangian. It follows that an exact non-perturbative mass formula is obtained for the pseudoscalar octet, with constant coefficients which may be expressed in terms of two-body or three-body Bethe-Salpeter amplitudes, the matrix elements which are equivalent to the sums of all Feynmann diagrams with incoming lines on the mass shell corresponding to the one-pseudo-Goldstone-boson states, and lines off the mass shell corresponding to the operators of elementary quark (and photon) fields. We will see in this section the peculiar though understandable features in the case of the combination of two fundamental theories of the standard model.
As a complement to Sec. II, Sec. III deals with mesons of quark-antiquark pairs which appear as solutions of the ordinary Bethe-Salpeter equation. With renormalization considered explicitly, the electromagnetic interaction kernel is incorporated into the system by being added to the usual strong interaction kernel, and the Bethe-Salpeter equation is solved consistently with the Dyson-Schwinger equation for the quark propagators, which is necessary to demonstrate the Goldstone nature of the pion in the limit of zero quark masses.
The reason why we restrict ourselves there in the two-body system is that the approach we used is simple and can be easily extended to the widest range of the spectrum of mesons of arbitrary type.
Our numerical results are presented in Sec. IV, where it is assumed that the first one or two terms in the Chebyshev expansion of the Bethe-Salpeter amplitudes give the dominant contributions, though a full Lorentz-component calculation is carried out always. We employ an existed Ansatz of the strong effective interaction and solve in a straightforward way for the numerical solution of the Dyson-Schwinger equation that will be substituted into the Bethe-Salpeter equation, by analytic continuation of the effective interaction function to the complex plane, without compromising on some analytic structure that may impair the subsequent explorations of meson decays and form factors.
For the greater part of this review apart from numerical calculation, we use the spacetime metric η µν with diagonal elements η 11 = η 22 = η 33 = 1, η 00 = −1, and Dirac matrices γ µ defined so that {γ µ , γ ν } = 2η µν , also γ 5 = iγ 0 γ 1 γ 2 γ 3 , and β = iγ 0 .
II. NON-PERTURBATIVE ELABORATION
As is known to all, in the approximation that the u, d and s quarks are massless, the Lagrangian of quantum chromodynamics is invariant with respect to an SU(3) transformation which implies the existence of a conserved axial-vector current
where q is the quark triplet,
and t a may be Gell-Mann-Ne'eman matrices λ a themselves or suitable linear combinations of them.
In order to see the relation between the quark propagator and the axial-vector vertex of the theory, let us consider the momentum-space Green's function for the axial-vector current J µ a (x), together with a Heisenberg-picture quark field q n (y) and its covariant adjointq m (z). We define the axial-vector vertex function Γ µ a by
where
is the complete quark propagator of a particular flavour n. By use of the conservation condition ∂ µ J µ a = 0 and the commutation relation between the time-component of the current J 0 a and the quark fields q, we can derive the celebrated axial-vector Ward identity
from which the nature of the cancellations among the radiative corrections to the quark propagators and the axial-vector vertex is manifest.
In the real world the SU(3) symmetry of quantum chromodynamics is broken by the quark mass term and the axial-vector current is not exactly conserved; its divergence that can be obtained from the Euler-Lagrange equation is given by
where the quark mass matrix M q is a diagonal matrix with non-zero elements m u , m d and m s . In this case the axial-vector Ward identity yields the form
where the pseudoscalar vertex function Γ a is defined by
with the pseudoscalar current φ a = iqγ 5 t a q.
In a similar fashion we take into account another small correction, the effect of electromagnetism. It makes an extra contribution, by adding the electromagnetic interaction term to the Lagrangian of quantum chromodynamics, to the divergence of the axial-vector current
where Q q is a diagonal matrix with elements 2/3, −1/3 and −1/3. Now a new electromagnetic pseudoscalar vertex function Γ A a which corresponds with the so-called electromagnetic pseudoscalar current O a ≡ A µ J µ a = A µ iqγ µ γ 5 t a q must be included and is defined by
We may eventually give the generalized axial-vector Ward identity in its full form
which clarifies the way of the cancellations among the great variety of the radiative corrections to the quark propagators and vertices induced by three kinds of currents all with negative parity and zero baryon number.
To look in a little more detail at the significance of these three currents, let us consider the momentum-space amplitude
where O l (x) can be any of the three currents appearing in the generalized axial-vector Ward identity (11) . From Lorentz invariance and parity conservation we know that generally O l has a non-zero matrix element between the vacuum and a one-(pseudo-)Goldstone-boson state |B, q , which also has a non-vanishing matrix element with the state q nqm |VAC . Then according to the usual rules of polology [6] , G has a pole at q 2 1 = −m 2 , where m is the mass of the one-particle state, and the residue at this pole is given by ‡
Conventionally we may define the conjugate Bethe-Salpeter amplitudeχ of renormalized fields by
where for quark propagators the incoming relative momentum k = q 2 + c 1 q 1 and outgoing relative momentum p = q 3 − c 2 q 1 , with c 1 + c 2 = 1.
To be specific, for a (pseudo-)Goldstone boson B of four-momentum q µ , Lorentz invariance and isospin symmetry require the matrix elements of the currents between the vacuum and single-particle states to take the respective forms
‡ Here we adopt the more usual normalization convention q ′ , σ ′ |q, σ = δ σ ′ σ δ 3 (q ′ − q) with q, q ′ the threemementa, σ, σ ′ discrete labels for something like the spin three-components of the one-particle states |q, σ and |q
and also
where F , N and R are all constant coefficients to be determined, and Z 2 is the renormalization constant of the quark fields, Z 4 ≡ Z 2 Z m with Z m the renormalization constant of the quark mass, and
with Z 3 the renormalization constant of the electromagnetic field. § All the renormalization constants are chosen so that renormalized quantities of the theory preserve the underlying symmetry as in the axial-vector Ward identity (11) . [7, 8] We can write the (pseudo-)Goldstone boson fields in a real basis as π a , with
The generators t a which represent the surviving isotopic SU(3) symmetry are taken in parallelism as
/ √ 2, and t 8 = λ 8 . In this way the constant factors defined by Eqs. (15)- (17) can be expressed explicitly in terms of the quark fields which are supposed to constitute the corresponding quark-antiquark bound states
The factor F in the form (18) may be expressed in terms of the renormalized BetheSalpeter amplitude χ that is defined by
where for external fermion lines the incoming shifted momentum k = q 2 − c 1 q and outgoing shifted momentum p = q 3 + c 2 q, with c 1 + c 2 = 1. Note that the relation between the Bethe-Salpeter amplitude and its conjugate is given bȳ
§ The renormalization point can be set to be large enough so as to ensure that the renormalization constants are flavour independent.
Multiplying both sides of Eq. (21) by iq µ γ µ γ 5 , taking the trace over the colour and spinor indices, integrate over the four-momenta k and p and from the definition (18), one obtains
where for colour-neutral bound states B the number of colours n c = 3 is factored out explicitly. The constants F B have an official name of the pseudoscalar meson decay constants, one example of which is F π + , the factor involved in the process of pion decay,
Similarly, by multiplying both sides of Eq. (21) 
with q fixed by q 2 = −m 2 B . In order to obtain for R B a formula we have to define the so-called three-body BetheSalpeter amplitude (still denoted by χ) by
which gives the sum of all Feynman graphs for emitting a Goldstone boson of four-momentum q, with one incoming photon line of relative momentum l = q 1 − c 1 q, one incoming quark line of relative momentum k = q 2 − c 2 q and one outgoing quark line of relative momentum p = q 3 + c 3 q, with c 1 + c 2 + c 3 = 1. Multiply both sides of Eq. (25) by iγ µ γ 5 , take the trace throughout, integrate over the four-momenta l, k and p and use Eq. (20), we may obtain finally
Eq. (13) with (14)- (17) substituted in shows the pole structure of the Green's functions associated with the three significant currents J µ a , φ a and O a . Equating the pole terms in the generalized axial-vector Ward identity (11) entails the exact mass formula for each
where the constants F , N and R are given by Eqs. (23), (24) and (26) in terms of BetheSalpeter amplitudes.
Let us now exploit the physical significance of the mass formula (27) at low energy. In the simplest case where the quarks are massless, we consider the matrix element of the time-ordered product of the axial-vector current, the quark field and the covariant adjoint quark field. Substituting Eqs. (18) and (14) into Eq. (13), we get ¶
Only the term proportional to γ 5 makes a contribution to the Bethe-Salpeter amplitude as q 2 = 0, so we may write
with E a real function of the only scalar variable p 2 for real p 2 . From Eq. (22) we know
On the other hand, the inverse of the complete quark propagator S ′−1 takes the form 
with a universal constant F for all very soft Goldstone bosons. Then Eq. (24) requires We see that the quark electric charge matrix Q q commutes with t 3 , t 6 , t 7 and t 8 , so inspection of Eq. (9) shows that to all orders in quark masses electromagnetic effects give no masses to the neutral pseudo-Goldstone bosons π 0 , K 0 ,K 0 and η 0 . Also, the electromagnetic part of the divergence of the axial-vector current remains unchanged whether it be t 1 or t 4 in the limit of zero quark masses, and hence in this case the electromagnetic corrections to the K + and π + masses are equal. Similar results can be obtained for π − and K − .
Therefore with full effects including electromagnetism taken into account, the mass formulae (27) reads for the pesudoscalar octet to first order in quark masses,[1, 2, 10]
where ∆ is the common electromagnetic correction to the K + and π + squared masses.
III. BETHE-SALPETER EQUATION
Ordinary mesons like the ρ ± , J/ψ as well as pseudoscalar mesons like π ± are usually interpreted as bound states of quark-antiquark pairs with definite quantum numbers, accompanied by the description of a two-body Bethe-Salpeter amplitude defined as by Eq.
(21). This amplitude can be obtained by solving a relativistic integral equation [11, 12] S ′−1 
where the quark flavour indices are suppressed, the inverse of the bare quark propagator of a given flavour n is S −1 n (p) = i / p + Z m m n with the renormalized quark mass m n , and the quark self-energy function Σ can be written as a sum of Σ s and Σ e , with the contribution from the pure strong interaction
where (λ α /2) ν (k, p) is the renormalized vertex function with k and p the quark fourmomenta entering and leaving the vertex and p − k the four-momentum of the gluon fields
µν is the complete propagator of renormalized gluon fields, and Z 1 is the renormalization constant for the quark-gluon vertex function; and that from the added electromagnetic effects
where C n e is the electric charge of a given quark flavour n, D ′ µν is the complete photon propagator, and Γ ν is the quark-photon vertex function, both of which renormalized. The complete quark propagators in Eqs. (38) and (39) are now understood to include radiations from both electromagnetism and strong interaction, with an overall renormalization constant
To proceed, the strongly interactive part of the quark self-energy is truncated by the replacement[13-15]
where D µν (k) = Π µν (k)/k 2 is the bare propagator of gauge fields in Landau gauge with
, and this way of factorization makes α eff s , the single unknown function in the truncation, approximately independent of the renormalization point [16] .
Asymptotically, it has to approach the lowest-order perturbative behaviour of the running coupling constant α s ≡ g 2 /4π of quantum chromodynamics,
for k 2 → ∞, where n f is the number of quark flavours with masses below the energies of interest, and Λ is a parameter constant with the dimensions of mass, chosen to make α s continuous at each quark mass. The infrared behaviour of α eff s , where perturbation theory fails, requires parameterization. To the same order we consider one-photon exchange in Landau gauge for the electromagnetic part of the quark self-energy:
where the fine structure constant α is taken approximately as 1/137, with the understanding that the product e 2 D ′ µν (k) is renormalization-point independent. Goldstone theorem requires we should use a reciprocal ladder approximation to the Bethe-Salpeter kernel [17] 
which is consistent with the rainbow truncation to the quark self-energy, Eq. (40); and (42) leads to
where C n e and C m e are the corresponding electric quark charges associated with χ nm in Eq.
(36).
In solving the integral Bethe-Salpeter equation, we shall use a matrix representation for the amplitude χ. In the case of some pseudo-Goldstone bosons like π ±,0 and K +,0 , χ which transforms as a pseudoscalar can be expanded as a sum of terms proportional to the 16 covariant matrices 1, γ µ , [γ µ , γ ν ], γ 5 γ µ , and γ 5 . The most general pseudoscalar χ can therefore be written as
with the 'Levi-Civita tensor' ǫ µνξρ defined as a totally antisymmetric quantity with ǫ 0123 = 1, where the coefficients E, F , G, and H are functions of the scalar variables in the problem p 2 and p · q, and the four-momentum q µ is fixed at the value q 2 = −m 2 with m the mass of the one-pseudoscalar-meson state. We may define the Bethe-Salpeter amplitude χ c for emitting an anti-peudoscalar meson B c of four-momentum q µ by
where for external fermion lines the incoming relative momentum k = q 2 − c 1 q and outgoing relative momentum p = q 3 + c 2 q, with c 1 + c 2 = 1. Note that the relation between χ c and χ defined by Eq. (21) is given by
where C ≡ γ 2 β, and the phase factor ζ B is the charge-conjugation parity of the particle B.
For completely neutral particles like π 0 with ζ π 0 = +1, E, G and H are even functions of p · q while F is an odd function of p · q.
The above formalism can be in principle easily extended to ordinary mesons of arbitrary type belonging to other irreducible representations of the Lorentz group. For example, the Bethe-Salpeter amplitude describing a meson like the K * +,0 , ρ ±,0 , ω, K * −,0 of spin 1 which transforms as a four-vector is defined by
where |q, σ is a free-particle state vector of three-momentum q and spin three-component σ = −1, 0, or +1. The most general four-vector χ µ can be expressed as a decomposition into twelve independent Lorentz covariants. Because of the condition imposed upon the polarization vector e µ (q, σ)q µ = 0, χ µ is orthogonal to q µ and the number of allowed covariants reduces to 8, and hence the most general form of χ µ may be written as a linear combination
with the coefficient of each term a function of the scalar variables p 2 and p · q, where for any
is defined as the component of V µ orthogonal to the four-momentum q µ :
The charge-conjugate Bethe-Salpeter amplitudes χ c for vector mesons may be defined by
from which we can get easily get the relation between χ c and χ defined by Eq. (48) 
IV. NUMERICAL RESULTS
To evaluate the integral over some k as for instance in the Bethe-Salpeter equation (36), we perform the Wick rotation of the k 0 contour of integration so that in effect k 0 is replaced with ik 4 , with k 4 running from −∞ to +∞. This is equivalent to say we now work in Euclidean spacetime, to gain some insight of the effect of electromagnetism in bound states of quark-antiquark pairs by numerical justification.
The angular dependence of the scalar functions of the Bethe-Salpeter amplitudes as in Eq. (45) can be expanded in the forms of
and similar expansions for F , G, H in (45) and other scalar functions for the Lorentz covariants in Eq. (49), where the real variable τ ≡ p · q/( p 2 q 2 ) with p 2 and q 2 the magnitudes of the four-momenta p µ and q µ , * * and U n (τ ) is the Chebyshev polynomial of the second kind of degree n with τ in the interval [−1, 1], which satisfies a continuous orthogonality relation:
Note that the first few Chebyshev polynomials of the second kind are
The dominent contributions to our calculation for the vector and peudoscalar mesons come from the first one or two terms as in the expansion (51); the corrections due to terms of next orders in the Chebyshev expansion are presupposed to be small. [18] The Bethe-Salpeter equations are to be solved numerically by using standard precedures [19] for the projected amplitudes like theẼ(p 2 ; q 2 ) in Eq. (51) in addition to the spectrum of mesons of interest. * * The magnitude of the total four-momentum q µ of the quark-antiquark bound state is purely imaginary in Euclidean spacetime, because of the constraint q 2 = −m 2 where m is the mass of the bound state.
The computer memory required to restore and compute digital data can be dramatically reduced by the method of Chebyshev expansion.
As for the effective coupling of the strong interaction α eff s in Eq. (40) that will be substituted in Eq. (43), it is understood that it should exhibit sufficient strength for very soft gluons to enable dynamical breaking of chiral symmetry, [20] which translates into noble nonperturbative enhancement of the quark dressing functions A(p 2 ) and
in Eq. (31) at small momentum p. Several models for α eff s combining the ultraviolet behaviour as in Eq. (41) with an Ansatz in the infrared have been proposed in the past and applied to meson studies. [20] [21] [22] In our present work we mainly employ the Maris-Tandy effective interaction [23] , which displays the infrared enhancement as a finite-width approximation to δ 4 (k) and the asymptotic part in a form which is deprived of singularities for all
where 
at some mass scale µ = 19 GeV, which is sufficiently large to be in the perturbative domain. (23). The decay constants for vector mesons can be defined and expressed just similarly to the pseudoscalar case. [24, 25] With no electromagnetic interactions included, in the original paper of Ref. [23] three different parameter sets have been considered to the extent that the SU(2) isotopic spin invariance is respected, fitted to give a good description of m π/K and F π , and the values for F K and the masses and decay constants of the vector mesons are calculated afterwards using the obtained fitted values. In Table I [28] , where the quark masses are estimates in a mass-independent subtraction scheme such as MS at a scale µ ≈ 2 GeV, while our quark masses evaluated in the Bethe-Salpeter framework are renormalized by the mass-independent strategy (55) at the point 
